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ALL TOPOLOGIES COME FROM A FAMILY OF 0− 1-VALUED
QUASIMETRICS
ZAFER ERCAN AND MEHMET VURAL
Abstract. We prove the statement in the title.
1. Continuity spaces and Kopperman’s Theorem
Topological spaces are natural extensions of metric topologies. A topological space
whose topology is a metric topology is called a metrizable space. Most of the funda-
mental examples of topological spaces are not metrizable (for general definitions and
examples, see [1]), thereby one of the fundamental research topics in General Topology
has been to find conditions under which a topological space becomes metrizable. In
[2], despite the fact that all topologies taken into account are not metrizable, types
of such conditions are shown to be obtained in terms of extended quasi-metrics. To
prove this, Kopperman introduced the notion of continuity spaces in [2], which reads
as follows.
A semigroup A with identity and absorbing element ∞ 6= 0 is called a value semi-
group if the following conditions are satisfied:
(i) If a + x = b and b + y = a, then a = b (in this case, if a 6 b is defined as
b = a+ x for some x, then 6 defines a partial order on A).
(ii) For each a, there is a unique b such that b + b = a (in this case, one writes
b = 1
2
a).
(iii) For each a, b, the element a ∧ b := inf{a, b} exists.
(iv) For each a, b, c, the equality a ∧ b+ c = (a+ c) ∧ (b+ c) holds.
A set of positives in a value semigroup A is a subset P ⊂ A satisfying the following:
(i) if a, b ∈ P , then a ∧ b ∈ P ;
(ii) r ∈ P and r 6 a, then a ∈ P ;
(iii) r ∈ P , then r
2
∈ P ;
(iv) if a 6 b+ r for each r ∈ P , then a 6 b.
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Let X be a non-empty set, A a value semigruop, P a set of positives of A, and
d : X × X → A a function such that d(x, x) = 0 and d(x, z) 6 d(x, y) + d(y, z)
for all x, y, z ∈ A. Then A = (X, d, A, P ) is called a continuity space. For each
x ∈ X and r ∈ P , we write
B[x, r] = {y ∈ X : d(x, y) 6 r}
Theorem 1.1 (Kopperman, [2]). Let A = (X, d, A, P ) be a continuity space. Then
To(A) := {U ⊂ X : for each x ∈ U there exists r ∈ P such that B[x, r] ⊂ U}
is a topology on X. Moreover, every topology on X is of this form.
2. The Main Result
The main issue of the present note is tto reveal the fact that Kopperman’s theo-
rem can be refined by taking 0− 1-valued generalized quasi-metric spaces insistead of
continuity spaces. We will first define related notions which will be used in the sequel.
A function d : X × X → [0,∞) is called a quasi-metric if d(x, x) = 0 and
d(x, z) 6 d(x, y) + d(y, z) for all x, y, z ∈ X . A 0 − 1-valued generalized quasi-
metric on a set X is a function from X × X into {0, 1}I for some non-empty set I
if for each i ∈ I the function di : X × X → {0, 1} defined by di(x, y) = d(x, y)(i)
is a quasi-metric. In such a case, we will refer to (di)i∈I as a partition of d. A set
X equipped with a 0 − 1-valued generalized quasi-metric d is called a 0 − 1-valued
generalized quasi-metric space. Following the usual custom, we denote this space
by (X, d, I). A subset U ⊂ X is called open if for each x ∈ U there exists a finite set
J ⊂ I such that ⋂
i∈J
{y ∈ X : d(x, y)(i) = 0} ⊂ U.
The set of open sets with respect to (X, d, I) is denoted by To(X, d, I).
Lemma 2.1. Let (X, d, I) be a 0− 1-valued generalized quasi-metric space. Then, for
each x ∈ X and i ∈ I, the set {y ∈ X : di(x, y) = 0} is open.
Proof. Let U := {y ∈ X : di(x, y) = 0} and let y ∈ U be given. Then di(x, y) = 0. If
di(y, z) = 0, then we have
0 6 di(x, z) 6 di(x, y) + di(y, z) = 0,
so that
{z : di(y, z) = 0} ⊂ U.
It follows that U is open. 
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The proof of the following is elementary and is therefore omitted.
Theorem 2.2. Let (X, d, I) be a 0 − 1-valued generalized quasi-metric space. Then
To(X, d, I) is a topological space. If (di)i∈I is the partition corresponding to d, then the
familyy
{{y ∈ X : di(x, y) = 0} : i ∈ I, x ∈ X}
is a subbase of To(X, d, I).
Let us denote a value of a proposition p by t(p). Let (X, τ) be a topological space
and U ∈ τ be given. For each U ∈ τ , the map dU : X ×X → R defined by
{
0, if t(x ∈ U =⇒ y ∈ U) = 1;
1, if t(x ∈ U =⇒ y ∈ U) = 0.
is a quasi-metric. Indeed, let x, y and z ∈ X be given. If x 6∈ U then, t(x ∈ U =⇒
y ∈ U) = 1 so dU(x, z) = 0. If x ∈ U , dU(x, y) = 0 and dU(y, z) = 0, then y ∈ U
and z ∈ U . Thus t(x ∈ U =⇒ z ∈ U) = 1, so dU(x, z) = 0. This shows that dU is
a quasi-metric. Also, for each u ∈ τ , one can define a function pu : X × X → R as
pu(x, y) = χ{u}(x)χ{uc}(y) is also a quasi-metric,which is equivalent to the quasi-metric
du. In particular, we have the following.
Lemma 2.3. Let (X, τ) be a topological space and U ∈ τ be given. Then, for each
x ∈ U , one has
U = {y ∈ X : dU(x, y) = 0}.
Interestingly enought, the converse of the above fact is also true.
Theorem 2.4. Every topological spaces comes from a 0 − 1-valued generalized quasi-
metric space. That is, if (X, τ) is a topological space, then there exists a 0 − 1-valued
generalized quasi-metric on X such that τ = To(X, d, I).
Proof. For each x, y ∈ X and U ∈ τ , if the proposition “x ∈ U =⇒ y ∈ U” is true let
d(x, y)(U) = 0, and otherwise let it be 1. Then we have a function d : X×X → {0, 1}τ .
One can easily show that it is indeed a 0− 1-valued generalized quasi-metric. Now we
show that τ = To(X, d, I). Let U ∈ τ and x ∈ U be given. Since {y ∈ X : dU(x, y) =
0} ∈ To(X, d, I) it directly follows that
U = {y ∈ X : dU(x, y) = 0},
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whence U ∈ To(X, d, I). Now, let V ∈ To(X, d, I) be given. If V = X , then obviously
V ∈ τ . Suppose that V 6= X . Let x ∈ V . Then there exitst U1, . . . Un ∈ τ such that
n⋂
i=1
{y ∈ X : dUi(x, y) = 0} ⊂ V.
By Lemma 2.3 we have
x ∈
n⋂
i=1
Ui ⊂ V,
so that V ∈ τ . The proof that τ = To(X, d, I) is now complete. 
It is obvious that a subbase of the space To(X, d, I) is
B = {{y : di(x, y) = 0} : x ∈ X, i ∈ I},
where (di)i∈I is a partition of d.
Through lack of symmetry, categorizing the notion of convergence as right conver-
gence and left convergence is reasonable in a 0 − 1-valued generalized quasi-metric
space (X, d, I). The definition is as follows.
Definition 2.5. A net (xα)α∈A right converges to x in (X, d, I), denoted by (xα)
r
−→ x,
if for each i ∈ I there exists α0 ∈ A such that di(x, xα) = 0 for all α > α0 . A net
(xα)α∈A is called right Cauchy (or, r-Cauchy) if for each i ∈ I there exist α0 ∈ A such
that di(xα, xβ) = 0 for all β > α > α0.
The definitions of left convergence and left Cauchyness are given similarly: for the
sake of simplicity, only ‘right’ versions of them are used in the rest of the note.
Remark 2.6. Several familiar topological notions can be derived using the structure
of 0− 1-valued generalized quasi-metric spaces. We list some of them below.
(1) Let (X, d, I) be a 0−1-valued generalized quasi-metric space. Then the follow-
ing are equivalent:
(a) The net (xα)α∈A right converges to x in (X, d, I).
(b) The net (xα)α∈A converges to x in To(X, d, I).
(c) The net d(x, xα) converges to zero in the product topological space {0, 1}
I .
(2) Let (X, d, I) and (Y, p, J) be 0− 1-valued generalized quasi-metric spaces, and
f a function from X into Y . Then f is continous at a point if and only if for
each j ∈ J there exists i ∈ I such that di(x, y) = 0 implies pj(f(x), f(y)) = 0.
(3) Let (X, d, I) be a 0−1-valued generalized quasi-metric space. Then To(X, d, I)
is a T0 space if and only if for every distinct pair x, y ∈ X there exists i ∈ I
such that di(x, y) = 1.
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(4) To(X, d, I) is T1-space if and only if for every distinct pair x, y ∈ X there exists
i, j ∈ I such that di(x, y) = 1 and di(y, x) = 1.
(5) To(X, d, I) is a T2-space if and only if for every distinct pair x, y ∈ X there
exists i, j ∈ I such that
di(x, y) = di(y, x) = dj(x, y) = dj(y, x) = 1.
(6) The notion of statistical convergence of a sequence of real numbers is as follows:
A sequence (xn) of real numbers is said to converge statistically to the real
number x if for each ε > 0 one has δ(Aε) = 0, where Aε = {n ∈ N : |xn−x| > ε}
and
δ(Aε) = lim
n→∞
∑
a∈Aε,a6n
1
n
.
In [3], it is defined for topological spaces as well. Here is its variant using the
aforementioned arguments: A sequence (xn) in (X, d, I) is said to convergence
statistically to x if
lim
n→∞
|{k 6 n : di(x, xk) = 1}|
n
= 0
holds for each i ∈ I.
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